ABSTRACT.
In this paper the concept of join of two permutation representations is defined and the cohomology of this join is computed and
shown to have trivial cup-products. This computation is then used to compute the cohomology groups of the p-Sylow subgroup of a symmetric group of order n acting on the set of n elements, and it is shown that the ring structure on these groups is not finitely generated, although it is transitive.
I. Introduction. Let (G, X) and (L, Y) be permutation representations;
i.e., G is a group acting on the set X and L is a group acting on the set Y.
Their join, denoted (G, X) * (L, Y), is defined to be the permutation representation (G x L, X II Y), where the action is given by {g, l)x -gx;
(g> l)y = ly. In this note we shall exhibit a projective resolution for (G, X) * (L, Y) and the result will be used to compute a projective resolution for (G / L, X x Y) where G / L is the "left-handed" wreath product defined in Evens [3, p. 54] and G f L acts in the usual fashion on X x V. This will allow us to compute the cohomology of the join and wreath products, and enough of the structure of the cohomology rings will be computed to show (1) the cohomology ring of (G, X) *(L, Y) is trivial, and hence not finitely generated; (2) the cohomology ring of the p-Sylow subgroup of the symmetric group of order pT acting on the set of pT elements is not finitely generated, There is an obvious "splitting"
which induces a similar splitting on the cohomology level. Thus / »which is the inflation map from (G, X) to (G /L, X x Y) is a monomorphism. The spectral sequence of the left-hand side of (1) where sC = Horn, (sC, F), and sH = Horn, (sH, F). Since the left-hand side of (2) is equal to HomG (W, (sC )"), this yields an isomorphism of additive groups :
The right-hand side can be shown to be the same as H*((G,X), have that /on C * F is the same as 8h on C * F, hence f -8h is zero on the edge C * F, as required. This completes the proof.
Corollary. // G acts freely on X and L acts freely on Y, then H*({G, X) *(l, Y), F) is not finitely generated. 
